HL Paper 2

Find the Cartesian equation of plane 7 containing the points A (6, 2, 1) and B (3, — 1, 1) and perpendicular to the plane z + 2y — z — 6 = 0.

Markscheme

METHOD 1

— -3
AB=|[_-3]| @1
0

-3 1
-3 ] X 2 M1A1
0 -1
3
=1 -3 A1
-3
r—y—z=k M1
k = 3 equation of plane [Mis x — y — z = 3 or equivalent A1
METHOD 2
let plane Mbe ax + by 4+ cz =d
attempt to form one or more simultaneous equations: M1
a+2b—c=0 (1) A1
6a+2b+c=d (2
3a—b+c=d @3 A1

Note: Award second A1 for equations (2) and (3).

attempt to solve M1

EITHER

d d
3 c:—g (A1)

using GDC gives a = g, b=
equation of plane Mis x — y — 2 = 3 or equivalent A7
OR

row reduction M1

equation of plane [1is ¢ — y — z = 3 or equivalent A1

[6 marks]

Examiners report

[N/A]



Given thata X b = b X ¢ # 0 prove that a + ¢ = sb where s is a scalar.

Markscheme

METHOD 1

axb=bxc
@xb)—bxc)=0
@xb)+(cxb)=0 M1A1
@+c)xb=0 A1

(@+c)isparalleltob=a+c=sb R1AG
Note: Condone absence of arrows, underlining, or other otherwise “correct” vector notation throughout this question.
Note: Allow “is in the same direction to”, for the final R mark.

METHOD 2

axb=bxc= | azbi —aibs bsc1 — bics M1A1

asbs — asbo bacs — bsca
b102 — bzcl

aibs — asb;
asbs — azby = bacz — bsca = b3(az + ¢2) = ba(as + c3)
asbir — a1bs = bscy — bics = bi(as + ¢3) = bs(a1 + 1)
aiby — agby = biea — baer = ba2(a1 + ¢1) = bi(az + ¢2)

(a1ter)  (aates)  (agtes)
b b B °

= a1+ ¢ = sb
:>(12+02:8b2

:>ag+0323b3

aq C1 by
= asy + Co =S8 bQ A1l
as C3 bs

=a+c=sb AG

[4 marks]

Examiners report

[N/A]

Consider the points P(=3, —1, 2) and Q(5, 5, 6).



a. Find a vector equation for the line, L1, which passes through the points P and Q. [3]

The line Lo has equation

—4 5
r=\{ 0 |+s|2
4 0
b. Show that L; and L, intersect at the point R(1, 2, 4). [4]
c. Find the acute angle between L; and L. [3]
— =
d. Let S be a point on L, such that |RP ‘ = ‘RS‘. (6]

Show that one of the possible positions for S is S1(—4, 0, 4) and find the coordinates of the other possible position, Ss.

— =
e. Let S be a point on L, such that |RP | = |RS [4]

Find a vector equation of the line which passes through R and bisects PRS;.

Markscheme
. — 8
PQ=|6 (A1)
4

a

-3 8
equation of line:r= | —1 | +¢t | 6 | (orequivalent) MIAI
2 4

Note: Award M1A0 if r = is omitted.

[3 marks]
b. METHOD 1

z: —4+5s=-3+8t

y: 2s=—-1+46t

z:4=2+4+4 Ml

solving any two simultaneously M1

t=0.5,s=1 (or equivalent) Al

verification that these values give R when substituted into both equations (or that the three equations are consistent and that one gives R) RI1
METHOD 2

(1,2,4)is givenby = 0.5 for Ly and s = 1 for Ly, MIAI1AI

because (1, 2, 4) is on both lines it is the point of intersection of the two lines  R1

[4 marks]
5 4
21-13]| =26=+v29x%x+29cos Ml
0 2

cosf = % (Al)

0 =0.459 or 26.3° Al

[3 marks]
-3 1 —4

— — —
RP=|-1]-[2]=]|-3 ,RP)=\/29 (M)Al




8
Note: This could also be obtained from [0.5 | 6

4
EITHER
4 1 -5
———
RSi=1] 0 —(2 =| -2 ], RS:| =+v29 41
4 4 0
—4 5
— = —
0S, = 08; + 25;R = 0 +21 2 MIAI
4 0
1 5
— — =
4 0
6
=14
4
S2is (6,4,4) Al
OR
—4+5s 1 5s—5
2s —12]1=1]2s—-2 M1
4 4 0

(55 —5)2+ (25 —2)2 =29 MIAl

295 — 58s + 29 = 29

s(s—2)=0,5=0, 2

(6, 4, 4) (and (—4, 0, 4)) Al

Note: There are several geometrical arguments possible using information obtained in previous parts, depending on what forms the previous

answers had been given.

[6 marks]
e. EITHER

midpoint of [PS;] is M(-3.5,-0.5,3) MIAl

—4.5
-
RM=| -25 Al
-1
OR
H _5
RSI = -2 Ml
0
— =
the direction of the line is RS; + RP
-5 —4 -9
2|1+ -3]=1| -5 MIAI
0 -2 -2
THEN
the equation of the line is:
1 9
r=\|21]4+t| 5 | orequivalent Al
4 2

Note: Marks cannot be awarded for methods involving halving the angle, unless it is clear that the candidate considers also the equation of the

plane of L; and L» to reduce the number of parameters involved to one (to obtain the vector equation of the required line).



[4 marks]

Examiners report

a. There were many good answers to part (a) showing a clear understanding of finding the vector equation of a line. Unfortunately this

understanding was marred by many students failing to write the equation properly resulting in just 2 marks out of the 3. The most common

-3 4
response was of the form L; = | —1 | + A | 3 | which seemed a waste of a mark.
2 2

b. In part (b) many students failed to verify that the lines do indeed intersect.
c. Part (c) was very well done.
d. In part (d) most candidates were able to obtain the first three marks, but few were able to find the second point.

e. There were few correct answers to part (e).

The points P(—1, 2, — 3), Q(=2, 1, 0), R(0, 5, 1) and S form a parallelogram, where S is diagonally opposite Q.

a. Find the coordinates of S.

— — —-13
The vector product PQ x PS = 7 | . Find the value of m .

m

¢. Hence calculate the area of parallelogram PQRS.

d. Find the Cartesian equation of the plane, [], , containing the parallelogram PQRS.

e. Write down the vector equation of the line through the origin (0, 0, 0) that is perpendicular to the plane [, .
f. Hence find the point on the plane that is closest to the origin.

g. A second plane, [], , has equation x — 2y + z = 3. Calculate the angle between the two planes.

Markscheme

a. —» B 0—=
PQ=|-1],SR=|5—-y M1)
3 1-2
point S=(1,6,-2) Al
[2 marks]
b. — — 2
PQ=|-1|PS=1]4 Al
3 1
N —13
PQ xPS = 7

2]
2]

2]
(3]
(1]
(3]

4]



m=-2 Al

[2 marks]
- — _ B 2 P
c. area of parallelogram PQRS = |PQ x PS| = 4/(—13)" + 7" 4+ (-2)* MI

=+1222=149 Al
[2 marks]

d. equation of plane is —13x + 7y —2z=d MIAI
substituting any of the points given gives d = 33

—13x+7y—2z=33 Al

[3 marks]
o 0 -13
equation of lineisr= | 0 | + A 7 Al
0 -2

Note: To get the A1 must have » = or equivalent.

[1 mark]
f. 169\ 4+ 49X +4X =33 Ml

A= (=0.149...) Al
closest point is (f%%f%> (= (~1.93, 1.04, - 0.207)) Al

[3 marks]

g. angle between planes is the same as the angle between the normals  (R1)

—13x14+7x—2-2x1

VI MiAl

cosf =

0 = 143° (accept 8 = 37.4° or 2.49 radians or 0.652 radians) A1

[4 marks]

Examiners report

a. This was a multi-part question that was well answered by many candidates. Wrong answers to part (a) were mainly the result of failing to draw
a diagram. Follow through benefitted many candidates. A high proportion of candidates lost the mark in (e) by not writing their answer as an
equation in the form r = ...

b. This was a multi-part question that was well answered by many candidates. Wrong answers to part (a) were mainly the result of failing to draw
a diagram. Follow through benefitted many candidates. A high proportion of candidates lost the mark in (e) by not writing their answer as an
equation in the form = ...

¢. This was a multi-part question that was well answered by many candidates. Wrong answers to part (a) were mainly the result of failing to draw
a diagram. Follow through benefitted many candidates. A high proportion of candidates lost the mark in (e) by not writing their answer as an

equation in the form » = ...



d. This was a multi-part question that was well answered by many candidates. Wrong answers to part (a) were mainly the result of failing to draw
a diagram. Follow through benefitted many candidates. A high proportion of candidates lost the mark in (e) by not writing their answer as an
equation in the form r = ...

e. This was a multi-part question that was well answered by many candidates. Wrong answers to part (a) were mainly the result of failing to draw
a diagram. Follow through benefitted many candidates. A high proportion of candidates lost the mark in (e) by not writing their answer as an
equation in the form r» = ...

f. This was a multi-part question that was well answered by many candidates. Wrong answers to part (a) were mainly the result of failing to draw
a diagram. Follow through benefitted many candidates. A high proportion of candidates lost the mark in (e) by not writing their answer as an
equation in the form » = ...

g. This was a multi-part question that was well answered by many candidates. Wrong answers to part (a) were mainly the result of failing to draw
a diagram. Follow through benefitted many candidates. A high proportion of candidates lost the mark in (e) by not writing their answer as an

equation in the form » = ...

T 1 -1
The vector equation of line lis givenas | y | = | 3 | + A 2
z 6 -1

Find the Cartesian equation of the plane containing the line [ and the point A(4, — 2, 5) .

Markscheme

EITHER

l goes through the point (1, 3, 6) , and the plane contains A(4, -2, 5)

the vector containing these two points is on the plane, i.e.

1 4 -3
| -2]=1|>5 (MD)AI
6 5 1
~1 -3 i i k
2 | x| 5 |=|-1 2 —1|=Tit+4j+k MiAl
~1 1 -3 5 1
4 7
—2 4| =25 M
5 1

hence, Cartesian equation of the plane is 7z + 4y + 2 =25 Al
OR

finding a third point M1

eg. (0,5,5) Al

three points are (1, 3, 6), (4,2, 5), (0, 5, 5)

equationisaz +by+cz=1

system of equations M1



a+3b+6c=1
4a —2b+5¢c=1
50+5c=1

7

5 .b=3,c=o,ftomGDC MIAI

a= 25 > 25 >

7 4 1
sopx+ Y+ pz=1 Al
or7x +4y+2=25
[6 marks]

Examiners report

There were many successful answers to this question, as would be expected. There seemed to be some students, however, that had not been taught

the vector geometry section

Consider the vectors @ = sin(2a)i — cos(2a)j + k and b = cos ai — sin o — k, where 0 < a < 2.

Let 0 be the angle between the vectors a and b.
(a) Express cosf in terms of a.
(b) Find the acute angle « for which the two vectors are perpendicular.

(c) Fora= 7—5, determine the vector product of @ and b and comment on the geometrical significance of this result.

Markscheme

(a) cosf=

ab __ sin2acosa+tsinacos2a-—1 (_ sin3a71) MiAl
|al|b] VZxV2 2

(b) alb=cos8=0 MI
sin2acosa + sinacos2a—1 =0

a=0524 (=7) Al

()
METHOD 1
7 Jj k
sin2a —cos2a 1 M1)
cosa —sina -1
assuming o = %’r

Note: Allow substitution at any stage.



. (1 1 . V3 V3 V3 1 1 V3
:’(5—5>—J(—7+7)+’“(7X5—5X7>
0 Al

a and b are parallel RI

Note: Accept decimal equivalents.

METHOD 2

from (a) cos@ = —1 (and sinf = 0) MIA41
axb=0 Al

a and b are parallel RI

[8 marks]

Examiners report

This question was attempted by most candidates who in general were able to find the dot product of the vectors in part (a). However the

simplification of the expression caused difficulties which affected the performance in part (b). Many candidates had difficulties in interpreting the

meaning of @ x b =0 in part (c).

The lines [1 and [y are defined as

l‘xfl_y75_z712
1-737 — 727 — T3

z—1 y—> z—12

b:—=57==%

The plane 7 contains both I; and [,.

a. Find the Cartesian equation of 7.

b. The line I3 passing through the point (4, 0, 8) is perpendicular to 7.

Find the coordinates of the point where I3 meets 7.

Markscheme

3 8
a.
attempting to find a normal to 7 eg 2 x | 11 (M1)
-2 6
3 8 2
2 x |11 | =17 -2 (A1)
-2 6 1
2 1 2
re| —2 1| = o | —2 M1
1 12 1

2x — 2y + z = 4 (or equivalent) A1

[4 marks]

[4]

[4]



4 2

b.
li:r=|0]|+t| 2], teR @1
8 1

442t 2

attempting to solve —2t o| 2| =4 fort ie9t+16=4 fort M1
841 1

4

t=—3 A1

4 8 20

(3» 3 ?) A1

[4 marks]

Total [8 marks]

Examiners report

a. Part (a) was reasonably well done. Some candidates made numerical errors when attempting to find a normal to 7.

b. In part (b), a number of candidates were awarded follow through marks from numerical errors committed in part (a).

(a) Ifa = 4 find the coordinates of the point of intersection of the three planes.

(b) (i) Find the value of a for which the planes do not meet at a unique point.

(il)  For this value of a show that the three planes do not have any common point.

Markscheme

1 1 2 x 2
@ letA=1[12 -1 3|, X=|y]|,andB=|2 (M1)
5 -1 4 z 5

point of intersection is (%, 1—72, %) or (or (0.917,0.583,0.25)) Al

(b) METHOD 1

1 1 2
(i) det[2 -1 3]|=0 MI
5 -1 4

~3a+24=0 (A1)
a=8 Al NI

1 1 212
(i) consider the augmented matrix | 2 —1 3|2 Ml
5 -1 415
1 1 2] 2 10 5|0
use row reductiontoobtain | 0 —3 —-1|—-2 Jor| 0 1 % 0 | (orequivalent) A1
0 0 0f-1 00 0|1



any valid reason Rl

(e.g. as the last row is not all zeros, the planes do not meet) /N0

METHOD 2

use of row reduction (or equivalent manipulation of equations) M1

1 1 2 2 1 1 2 2
eg |2 -1 3 2|=1|0 -3 -1 -2 AIAl
5 =1 a 5 0 -6 a—-10 -5

Note: Award an A1 for each correctly reduced row.

1) a—-10=-2=a=8 MIAl NI
(i) whena=8,row3#2xrow2 RI NO

[8 marks]

Examiners report

Few students were able to do this question efficiently. Many students were able to do part (a) by manipulating equations, whereas calculator
methods would yield the solution quickly and easily. Part (b) was poorly attempted and it was apparent that many students used a lot of time

manipulating equations without real understanding of what they were looking for.

N 1 N 1
The points A and B have position vectors OA = 2 and OB =
-2 2
— —
a. Find OA x OB. 2]
b. Hence find the area of the triangle OAB. [2]

Markscheme

a — — 4
OAXxOB=| —4 (M1)A1
—2

Note: M1AO0 can be awarded for attempt at a correct method shown, or correct method implied by the digits 4, 4, 2 found in the correct order.

[2 marks]
b. area = 31/4° +4°+2° =3 M1A1
[2 marks]

Examiners report



a. Generally well done. Most students were able to obtain full marks on this question. Most of the errors made were due to careless mistakes.

b. Generally well done. Most students were able to obtain full marks on this question. Most of the errors made were due to careless mistakes. A few

students did not take notice of the “hence” in part (b) and were consequently not able to obtain the marks.

The points A and B have coordinates (1, 2, 3) and (3, 1, 2) relative to an origin O.

— —
a. (i) Find OA x OB . (5]

(i) Determine the area of the triangle OAB.
(iii)  Find the Cartesian equation of the plane OAB.

b. (i) Find the vector equation of the line L, containing the points A and B. [7]
T 2 1
(i) The line Ly has vectorequation | y | = 4 | +u | 3
z 3 2

Determine whether or not L1 and Lo are skew.

Markscheme

= —
a. (i) OAxOB=i+7j-5k Al

5v/3

(i) area= Z|i+7j—5k| = 5>(4.33) MIAI

(i) equation of planeisx + 7Ty — 5z =k Ml
r+Ty—5z2=0 Al
[5 marks]
b. (i) direction of line=3i+j+2k)—(i+2j+3k)=2i—j—k MIAI
equation of line is

r=(+2+3K)+XN2i—j—k) Al

(i) at a point of intersection,

1422 =2+p

2-A=4+3p MIAl

3-A=3+2u

solving the 2°? and 3™ equations, A = 4, p = —2 Al

these values do not satisfy the 1% equation so the lines are skew  RI

[7 marks]



Examiners report

o INVA]
b, IN/A]

Consider the planes 7r1 : ¢ — 2y —3z=2and m: 2e —y—2z=%k.

a. Find the angle between the planes 7jand 72 . [4]
b. The planes 7 and 72 intersect in the line Ly . Show that the vector equation of [5]
0 1
Liisr=2-3k | +t| 5
2k — 2 -3
¢. The line Ly has Cartesian equation 5 — = y + 3 = 2 — 2z . The lines L, and L, intersect at a point X. Find the coordinates of X. [5]
d. Determine a Cartesian equation of the plane 3 containing both lines L, and L, . [5]

e. LetY be a point on L; and Z be a point on L, such that XY is perpendicular to YZ and the area of the triangle XYZ is 3. Find the perimeter [5]

of the triangle XYZ.

Markscheme

a. Note: Accept alternative notation for vectors (eg (a, b, ¢) or (a, b, ¢)).

1 2
n=|-2|andm=| -1 (Al)
-3 -1
cosf = % M1)
cosf = 21243 r Al

VITITOVITIIT | VIiVo
6 =40.2° (0.702rad) AI

[4 marks]

b. Note: Accept alternative notation for vectors (eg {(a, b, ¢) or (a, b, c)).

METHOD 1

eliminate z fromx — 2y —3z=2and 2x—y—z=k

y—(2-3k)

. MiAl

Sxr—y=3k—-2=2z=

eliminate y fromx —2y—3z=2and 2x—y—-z=k

z—(2k—2)
=3

x=t,y=Q2 -3k +5tandz=(2k—2)— 3¢t AIAl

Jx+2=2k-2=z= Al

0 1
r=|2-3k|+t| 5 AG
2k — 2 -3
[5 marks]

METHOD 2



1 2 -1 1

-2 x| -1 =1 -5 | = direction is 5 MIAl
-3 -1 3 -3
Letx=0

0—2y—3z=2and2x0—y—2z=k (M)
solve simultaneously (M1)

y=2—-3kandz=2k—-2 Al

0 1
thereforer= | 2—-3k | +¢t| 5 AG
2k — 2 -3
[5 marks]
METHOD 3

substitute z = ¢, y = (2 — 3k) + 5t and z = (2k — 2) — 3¢t into m; and m» M1
form :t—2(2—3k+5t) —3(2k—2—3t) =2 Al
formy :2t — (2—3k+5t) — (2k—2—-3t) =k Al

the planes have a unique line of intersection R2

0 1
therefore the lineisr= | 2—3k | +t| 5 AG
2k — 2 -3

[5 marks]

. Note: Accept alternative notation for vectors (eg (a, b, ¢) or (a, b, c)).

5—t=(2-3k+5t)+3=2—-2(2k—2—-3t) MIAI
Note: Award M1A1 if candidates use vector or parametric equations of Ly

0 1 5 -2 t=5-—2s
eg| 2-3k | +t| 5 = -3]+s| 2 or= ¢ 2—3k+5t=-3+2s
2k — 2 -3 1 -1 2k—2—-3t=1+s

solve simultaneously M1
k=2,t=1(s=2) Al
intersection point (1, 1, —1) Al
[5 marks]

. Note: Accept alternative notation for vectors (eg (a, b, ¢) or (a, b, ¢)).

N 2
lo=1] -2 Al
1
N i J k -1
lixlqas=|1 5 =3|=1[ —7 M1)Al
2 -2 1 —12
1 1 1
r-| 7| = 1117 M1)
12 -1 12
c+Ty+12z=—-4 Al
[5 marks]

. Note: Accept alternative notation for vectors (eg {(a, b, ¢) or (a, b, ¢)).

= — 2
Let 6 be the angle between the lines [ 1 = 5 and [ o = | —2
-3 1



|2-10-3]
35V9

as the triangle XYZ has a right angle at Y,

XZ=a=YZ=asinfand XY =acosf (M)

area — 3 = sinfcosd sinfeosé — 3 (M1)

a=3.5122... (Al

perimeter = a + asinf + acos § = 8.44537... =845 Al

Note: If candidates attempt to find coordinates of Y and Z award M1 for expression of vector YZ in terms of two parameters, M1 for

attempt to use perpendicular condition to determine relation between parameters, M1 for attempt to use the area to find the parameters and 42

for final answer.

cosf = = 6 =0.902334... 51.699...°) (M)

[5 marks]

Examiners report

a. Although this was the last question in part B, it was answered surprisingly well by many candidates, except for part (¢). Even those who had
not done so well elsewhere often gained a number of marks in some parts of the question. Nevertheless the presence of parameters seemed to
have blocked the abilities of weaker candidates to solve situations in which vectors were involved. Mathematical skills for this particular
question were sometimes remarkable, however, calculations proved incomplete due to the way that planes were presented. Most candidates
found a correct angle in part (a). Occasional arithmetic errors in calculating the magnitude of a vector and dot product occurred. In part (b) the
vector product approach was popular. In some case candidates simply verified the result by substitution. There was a lot of simultaneous
equation solving, much of which was not very pretty. In part (c), a number of candidates made errors when attempting to solve a system of
equations involving parameters. Many of the results for the point were found in terms of k. It was notorious that candidates did not use their
GDC to try to find the coordinates of the intersection point between lines. In part (d), a number of candidates used an incorrect point but this

part was often done well.

Very few excellent answers to part (¢) were seen using an efficient method. Most candidates attempted methods involving heavy algebraic
manipulation and had little success in this part of the question.

b. Although this was the last question in part B, it was answered surprisingly well by many candidates, except for part (¢). Even those who had
not done so well elsewhere often gained a number of marks in some parts of the question. Nevertheless the presence of parameters seemed to
have blocked the abilities of weaker candidates to solve situations in which vectors were involved. Mathematical skills for this particular
question were sometimes remarkable, however, calculations proved incomplete due to the way that planes were presented. Most candidates
found a correct angle in part (a). Occasional arithmetic errors in calculating the magnitude of a vector and dot product occurred. In part (b) the
vector product approach was popular. In some case candidates simply verified the result by substitution. There was a lot of simultaneous
equation solving, much of which was not very pretty. In part (c), a number of candidates made errors when attempting to solve a system of
equations involving parameters. Many of the results for the point were found in terms of &. It was notorious that candidates did not use their
GDC to try to find the coordinates of the intersection point between lines. In part (d), a number of candidates used an incorrect point but this

part was often done well.

Very few excellent answers to part () were seen using an efficient method. Most candidates attempted methods involving heavy algebraic
manipulation and had little success in this part of the question.

c. Although this was the last question in part B, it was answered surprisingly well by many candidates, except for part (¢). Even those who had
not done so well elsewhere often gained a number of marks in some parts of the question. Nevertheless the presence of parameters seemed to

have blocked the abilities of weaker candidates to solve situations in which vectors were involved. Mathematical skills for this particular



question were sometimes remarkable, however, calculations proved incomplete due to the way that planes were presented. Most candidates
found a correct angle in part (a). Occasional arithmetic errors in calculating the magnitude of a vector and dot product occurred. In part (b) the
vector product approach was popular. In some case candidates simply verified the result by substitution. There was a lot of simultaneous
equation solving, much of which was not very pretty. In part (c), a number of candidates made errors when attempting to solve a system of
equations involving parameters. Many of the results for the point were found in terms of k. It was notorious that candidates did not use their
GDC to try to find the coordinates of the intersection point between lines. In part (d), a number of candidates used an incorrect point but this

part was often done well.

Very few excellent answers to part (¢) were seen using an efficient method. Most candidates attempted methods involving heavy algebraic
manipulation and had little success in this part of the question.

d. Although this was the last question in part B, it was answered surprisingly well by many candidates, except for part (e). Even those who had
not done so well elsewhere often gained a number of marks in some parts of the question. Nevertheless the presence of parameters seemed to
have blocked the abilities of weaker candidates to solve situations in which vectors were involved. Mathematical skills for this particular
question were sometimes remarkable, however, calculations proved incomplete due to the way that planes were presented. Most candidates
found a correct angle in part (a). Occasional arithmetic errors in calculating the magnitude of a vector and dot product occurred. In part (b) the
vector product approach was popular. In some case candidates simply verified the result by substitution. There was a lot of simultaneous
equation solving, much of which was not very pretty. In part (c), a number of candidates made errors when attempting to solve a system of
equations involving parameters. Many of the results for the point were found in terms of k. It was notorious that candidates did not use their
GDC to try to find the coordinates of the intersection point between lines. In part (d), a number of candidates used an incorrect point but this

part was often done well.

Very few excellent answers to part (e) were seen using an efficient method. Most candidates attempted methods involving heavy algebraic
manipulation and had little success in this part of the question.

e. Although this was the last question in part B, it was answered surprisingly well by many candidates, except for part (e). Even those who had
not done so well elsewhere often gained a number of marks in some parts of the question. Nevertheless the presence of parameters seemed to
have blocked the abilities of weaker candidates to solve situations in which vectors were involved. Mathematical skills for this particular
question were sometimes remarkable, however, calculations proved incomplete due to the way that planes were presented. Most candidates
found a correct angle in part (a). Occasional arithmetic errors in calculating the magnitude of a vector and dot product occurred. In part (b) the
vector product approach was popular. In some case candidates simply verified the result by substitution. There was a lot of simultaneous
equation solving, much of which was not very pretty. In part (c), a number of candidates made errors when attempting to solve a system of
equations involving parameters. Many of the results for the point were found in terms of k. It was notorious that candidates did not use their
GDC to try to find the coordinates of the intersection point between lines. In part (d), a number of candidates used an incorrect point but this

part was often done well.

Very few excellent answers to part (¢) were seen using an efficient method. Most candidates attempted methods involving heavy algebraic
manipulation and had little success in this part of the question.

Find the vector equation of the line of intersection of the three planes represented by the following system of equations.



20 —Ty+5z=1
6 +3y—z2=-1

—14z — 23y + 132 =5

Markscheme

METHOD 1
(from GDC)
1 1
10 5 |-%w
2 1
01 —3| —% (M1)
0 0 O 0

T+ gA=—m Al

Yy — %)\ = —% Al

r=(~Fi-4i) A(~Fi+3itk) Al4al N3
[6 marks]

METHOD 2

(Elimination method either for equations or row reduction of matrix)
Eliminating one of the variables MI1A41

Finding a point on the line  (M1)A1

Finding the direction of the line M1

The vector equation of the line 41 N3

[6 marks]

Examiners report

A large number of candidates did not use their GDC in this question. Some candidates who attempted analytical solutions looked for a point
solution although the question specifically states that the planes intersect in a line. Other candidates eliminated one variable and then had no clear

strategy for proceeding with the solution.

Some candidates failed to write ‘» =", and others did not give the equation in vector form.

Two submarines A and B have their routes planned so that their positions at time t hours, 0 < t < 20, would be defined by the position vectors ry

2 -1 0 —-0.5
= 4 |+t 1 andrg=| 3.2 | +t¢ 1.2 | relative to a fixed point on the surface of the ocean (all lengths are in kilometres).
-1 —0.15 —2 0.1

To avoid the collision submarine B adjusts its velocity so that its position vector is now given by

0 —0.45
re=| 32| +t| 1.08
—2 0.09



a. Show that the two submarines would collide at a point P and write down the coordinates of P.
b.i.Show that submarine B travels in the same direction as originally planned.

b.iiFind the value of t when submarine B passes through P.

c.i. Find an expression for the distance between the two submarines in terms of t.

c.iiFind the value of t when the two submarines are closest together.

c.iiiFind the distance between the two submarines at this time.

Markscheme

a. ra=rs (M1
2-t=-05t=t=4 A1
checking t = 4 satisfies4 +t=32+1.2tand-1-0.15t=-2+ 0.1t R1
P(-2,8,-1.6) A1

Note: Do not award final A1 if answer given as column vector.

[4 marks]
bi —0.5 —0.45
0.9 x 1.2 = 1.08 A1l
0.1 0.09

Note: Accept use of cross product equalling zero.

hence in the same direction AG

[1 mark]
—0.45¢ -2
3.241.08¢ | = 8 M1
—2+0.09t —-1.6

Note: The M1 can be awarded for any one of the resultant equations.

:t:%:4.44... A1

[2 marks]
ci. 2—t —0.45¢
ra-rg= 44t — | 3.2+ 1.08¢ (M1)(A1)
—1-0.15¢ —240.09¢t
2 —0.55¢
= 0.8—-0.08t (A1)
1—0.24¢
Note: Acceptry — rg.
distance D = \/ (2 - 0.55¢)* 4 (0.8 — 0.08t)” + (1 — 0.24t)°  M1A1
(: /864 — 2.688t T 0.317t2>
[5 marks]
c.iiminimum when 2 = 0 (M1)

de¢

t=3.83 A1

(4]

(1]

2]

(5]

[2]

(1]



[2 marks]
c.iii0.511 (km)  Af1

[1 mark]

Examiners report

o INA
b.i. VAl
p.il VAl
c.i. VAl
c.ilNVAl

c.ilN/Al

The points A, B and C have the following position vectors with respect to an origin O.

—
OA =2i+j-2k
—

OB = 2i-j+2k

—
OC =i+3j+3k

The plane 1, contains the points O, A and B and the plane 13 contains the points O, A and C.

a. Find the vector equation of the line (BC).

b. Determine whether or not the lines (OA) and (BC) intersect.

—
. Find the Cartesian equation of the plane /71, which passes through C and is perpendicular to OA.

d. Show that the line (BC) lies in the plane IT;.
e. Verify that 2j + k is perpendicular to the plane ITs.
f. Find a vector perpendicular to the plane I7s.

g. Find the acute angle between the planes /72 and I1s.

Markscheme
_>
a. BC=(i+3j+3k)—(2i—j+2k)=—i+4j+k (A1)

r=Qi —j+2k) + \—i+4j + k)

(orr=(i+3j+3k)+ A(—i+4j + k) (M1)A1
Note: Do not award A7 unless r = or equivalent correct notation seen.

[3 marks]

(3]

(6]

(3]

[2]

(3]

(1]

(4]



b. attempt to write in parametric form using two different parameters AND equate M1

2u=2-X

p=—-14+4X

—2u=24+X A1

attempt to solve first pair of simultaneous equations for two parameters M1
solving first two equations gives A\ = %, n= % (A1)

substitution of these two values in third equation  (M1)

since the values do not fit, the lines do not intersect R1

Note: Candidates may note that adding the first and third equations immediately leads to a contradiction and hence they can immediately
deduce that the lines do not intersect.

[6 marks]
c. METHOD 1

plane is of the formre (2i +j — 2k)=d (A1)
d=(i+3j+3k)e(2i+j—2k)=—1 (M1)

hence Cartesian form of planeis 2x +y — 2z = -1 A1
METHOD 2

plane is of the form 2z +y — 2z =d (A1)

substituting (1, 3, 3) (tofind gives2+3 —6 = —1) (M1)
hence Cartesian form of planeis 2z +y — 2z = —1 At

[3 marks]
d. METHOD 1

attempt scalar product of direction vector BC with normal to plane M1
(—i+4j+k)eQi+j—2k=—2+4—2

=0 A1

hence BCliesinl1l;, AG

METHOD 2

substitute eqn of line into plane M1

2 -1
liner=1| -1 1|+ X\ 4 . Planem : 2z 4+y—2z=—1
2 1

22 -2+ (—1+4X) —2(2+X)
=-1 A1

hence BCliesinlly, AG
Note: Candidates may also just substitute 2¢ — j 4 2k into the plane since they are told C lies on 7.

Note: Do not award ATFT.



[2 marks]

e. METHOD 1

applying scalar product to O_A> and O—B> M1
Rj+k)e(2i+j—2k)=0 A1

@j+k ®@i—j+2k=0 A1

METHOD 2

— —
attempt to find cross product of OA and OB M1

— —
plane 3 has normal OA x OB = — 8 — 4k A1

since —8j — 4k = —4(2j + k), 2j + k is perpendicular to the plane 12 R1
[3 marks]

— —
f. plane 13 has normal OA x OC =9i — 8j + 5k A1
[1 mark]

g. attempt to use dot product of normal vectors  (M1)

(2j-+k)o(9i—8j+5k)

€088 = e

(mM1)

=-0.377...) (A1)

-1 (
T VEV/ITO

Note: Accept ﬁ. acute angle between planes = 67.8° (= 1.18°) Af

[4 marks]

Examiners report

IN/A]
IN/A]
IN/A]
IN/A]
IN/A]
IN/A]
IN/A]

@ "0 a0 0P

— —
OACB is a parallelogram with OA = a and OB = b, where a and b are non-zero vectors.

a. Show that [4]
— 2
(i) ‘OC = |a]* +2a e b +|b|*;
N 2 9 5
(i) ‘AB =|a|” —2aeb +b|".
— —
b. Given that OC‘ = ‘AB ‘, prove that OACB is a rectangle. [4]




Markscheme

a. METHOD 1
—: — —
’OC =0Ce0C

=@+b)e@+b) At
—aea+aeb+bea+beb Al

=|a*+2aeb+|b]> AG

METHOD 2

—2 =P =2 — | .

oc| =|oa +‘OB —2‘OAHOB cos(OAC) AT
— == .

OA||OB|cos(OAC) = —(aeb) A1

— 2 ) )
OC| =|a|"+2aeb+|b|° AG

(i) METHOD 1

—2 — —
AB| = ABeAB

=(b-a)e(b-a) A1
=beb-bea-aeb+aea Al

=|aj*-2aeb+|b]*> AG

METHOD 2

— P2 =2 =2 — = .

AB| = [aC +‘BC —2‘ACHBC cos(ACB) A1
— = R

AC||BC|cos(ACB) =aeb At

—2 5 )
AB| =|a|"—2aeb+ |b|° AG

[4 marks]
S o = =) 2 2 2 2
b. |0C| = ‘AB = ‘OC = |AB| = |a|" +2aeb+|b|" =|a]° —2aeb+|b|” RI(M1)

2

2 —
Note: Award RT for = ‘AB and (M1) for |a|® + 2a b +|b|* = |a|> — 2a e b +|b|’.

— —
OC‘ = *AB = ‘OC

aeb=0 A1

hence OACB is a rectangle (@ and b both non-zero)

with adjacent sides at right angles R1

Note: Award R1(M1)AOR1 if the dot product has not been used.

[4 marks]

Examiners report



a. In part (a), a significant number of candidates either did not use correct vector notation or simply did not use vector notation at all. A large number
of candidates who appeared to adopt a scalar product approach, did not use the scalar product ‘dot’ and represented a e b as ab. A few
candidates successfully used the cosine rule with correct vector notation. A small number of candidates expressed a and b in general component

—
form. In part (a) (ii), quite a number of candidates expressed AB as a — b rather than as b - a.

b. In part (b), some very well structured proofs were offered by a small number of candidates.

Ed walks in a straight line from point P(—1, 4) to point Q(4, 16) with constant speed.

Ed starts from point P at time ¢ = 0 and arrives at point () at time ¢ = 3, where t is measured in hours.

Given that, at time ¢, Ed’s position vector, relative to the origin, can be given in the form, r = a + tb,

a. find the vectors a and b. [3]

b. Roderick is at a point C(11, 9). During Ed’s walk from P to () Roderick wishes to signal to Ed. He decides to signal when Ed is at the closest  [5]

point to C.

Find the time when Roderick signals to Ed.

Markscheme
a g = (‘41) A1
=) - (7)) (Z) AT

[3 marks]
b. METHOD 1
Roderick must signal in a direction vector perpendicular to Ed’s path.  (M1)
. . . 11 —12 )
the equation of the signal is s = 9 + A 5 (or equivalent) A1
() +5(5) - (5) =~ (57) m
4 12 9 5
St+120=12and4t —5 =5 M1
t=213 (: @) A1

169

METHOD 2
—1+4 2t
( 5 > ° <11) — t3 =0 (orequivalenty M1A1A1
12 9 4+ 4t

Note: Award the M1 for an attempt at a scalar product equated to zero, A1 for the first factor and A1 for the complete second factor.



attempting to solve fort  (M1)

t=213 (%) A1

METHOD 3

2 2
T = \/<12 — %) + (5 —4t)* (or equivalent) (m2 = (12 - %) +(5— 4t)2> M1A1A1

2
Note: Award M1 for use of Pythagoras’ theorem, A7 for (12 - %) and AT for (5 — 4t)2.

d 2
attempting (graphically or analytically) to find ¢ such that % =0 (% = 0) (M1)

360
t =213 (: Tcg) A1

METHOD 4

(5)(2) _ o

cosl = ———— = MIA1

GlE

Note: Award M1 for attempting to calculate the scalar product.

120

120 _ ¢
13 73

5 .
( 19 ) ‘ (or equivalent) (A1)

attempting to solve fort  (M1)

360
t =213 (: reg) A1

[5 marks]

Total [8 marks]

Examiners report

~IN/A]
b. [N/A]

a. Find the values of & for which the following system of equations has no solutions and the value of & for the system to have an infinite [5]
number of solutions.
x—3y+z2=3
z+5y—2z=1
16y —6z=F
b. Given that the system of equations can be solved, find the solutions in the form of a vector equation of a line, r = a + Ab , where the [7]

components of b are integers.

c. The plane + is parallel to both the line in part (b) and the line z;4 = g = 262 . [5]



Given that + contains the point (1, 2, 0) , show that the Cartesian equation of +is 16x +24y — 11z =64 .

d. The z-axis meets the plane < at the point P. Find the coordinates of P.

e. Find the angle between the line %2 = # = % and the plane + .
Markscheme
a 1 -3 1 3
" in augmented matrix form [1 5 —2 1
0 16 —6 k
attempt to find a line of zeros  (M1)
1 -3 1 3

ro—71|0 8 -3 2| (4l
0 16 -6 k

1 -3 1 3
rg—2ry|0 8 -3 -2 (Al)

0 O 0 k+4
there is an infinite number of solutions when k = —4 R1
there is no solution when
k#+ -4, (keR) RI
Note: Approaches other than using the augmented matrix are acceptable.

[5 marks]
b 1 -3 1 3
using |0 8 —3 —2 |andlettingz=A (MI)
0 0 0 k+4
8y —3A=-2
=>y=22 4
z—3y+z=3
Sz (”T*f") +A=3 M)
=8z — 9N+ 6+ 8\ =24
=az=22 U
18 1
z el B
S|y =|-2|+r]2| oman
z 0 1
S
1 1
r= _% +XAl3 Al
0 8
Note: Accept equivalent answers.
[7 marks]
c 3
" recognition that | —2 | is parallel to the plane  (41)
0
i 3 k
direction normal of the plane is givenby |1 3 8| (M)
3 -2 0

=16i+24j— 11k Al

Cartesian equation of the plane is given by 16x + 24y —11z = d and a point which fits this equation is (1,2, 0) (M1)
=16+48=d

d=64 Al

hence Cartesian equation of plane is 16x + 24y —11z=64 AG

Note: Accept alternative methods using dot product.

[5 marks]

2]

(5]



d. the plane crosses the z-axis whenx =y =0 (M1)

coordinates of P are (0, 0, —%) Al

Note: Award A1 for stating z = —%.

0

Note: Accept. 0
64
i

[2 marks]
e. recognition that the angle between the line and the direction normal is given by:
3 16
4 24 | = /291953 cos § where @ is the angle between the line and the normal vector ~MI1A1
2 —11

= 122 = 1/291/953 cos 8 (Al)
= 0 = 42.8° (0.747 radians)  (41)

hence the angle between the line and the plane is 90° — 42.8° = 47.2° (0.824 radians) A1
[5 marks]
Note: Accept use of the formula a.b = |a||b|sin 6 .

Examiners report

a. Many candidates were able to start this question, but only a few candidates gained full marks. Many candidates successfully used the
augmented matrix in part (a) to find the correct answer. Part (b) was less successful with only a limited number of candidates using the
calculator to its full effect here and with many candidates making arithmetic and algebraic errors. This was the hardest part of the question.
Many candidates understood the vector techniques necessary to answer parts (c), (d) and (e) but a number made arithmetic and algebraic errors
in the working.

b. Many candidates were able to start this question, but only a few candidates gained full marks. Many candidates successfully used the
augmented matrix in part (a) to find the correct answer. Part (b) was less successful with only a limited number of candidates using the
calculator to its full effect here and with many candidates making arithmetic and algebraic errors. This was the hardest part of the question.
Many candidates understood the vector techniques necessary to answer parts (c), (d) and (e) but a number made arithmetic and algebraic errors
in the working.

¢. Many candidates were able to start this question, but only a few candidates gained full marks. Many candidates successfully used the
augmented matrix in part (a) to find the correct answer. Part (b) was less successful with only a limited number of candidates using the
calculator to its full effect here and with many candidates making arithmetic and algebraic errors. This was the hardest part of the question.
Many candidates understood the vector techniques necessary to answer parts (c), (d) and (e) but a number made arithmetic and algebraic errors
in the working.

d. Many candidates were able to start this question, but only a few candidates gained full marks. Many candidates successfully used the
augmented matrix in part (a) to find the correct answer. Part (b) was less successful with only a limited number of candidates using the
calculator to its full effect here and with many candidates making arithmetic and algebraic errors. This was the hardest part of the question.
Many candidates understood the vector techniques necessary to answer parts (c), (d) and (e) but a number made arithmetic and algebraic errors

in the working.



e. Many candidates were able to start this question, but only a few candidates gained full marks. Many candidates successfully used the
augmented matrix in part (a) to find the correct answer. Part (b) was less successful with only a limited number of candidates using the
calculator to its full effect here and with many candidates making arithmetic and algebraic errors. This was the hardest part of the question.
Many candidates understood the vector techniques necessary to answer parts (c), (d) and (e) but a number made arithmetic and algebraic errors

in the working.

—
(a) Find the coordinates of the point A on l; and the point B on [ such that AB is perpendicular to both I; and I .

(b) Find |AB|.

(¢) Find the Cartesian equation of the plane ] which contains I; and does not intersect I .

Markscheme

(@) onli A(=3+3X\ —4+2X6—2)) Al
4 -3

only ly:r=| -7]|+p| 4 M1)
3 -1

= B4 —3p, =7+ 4p, =3 —p) Al

_ 3AN+3p -7

BA=a-b=| 2\—4u+3 (MDA1
22+ p+9

EITHER
3

BALL=BA-| 2 | =0=30BX\+3u—-7)+2C2A—4p+3)—-2(-22+u+9)=0 Ml
-2

= 17TA—p =33 Al
-3

BALL=BA-| 4 | =0=-30BA+3u—7)+4(2A—4p+3)— (—2A+p+9) =0 MI
-1

= A—26p=-24 Al

solving both equations above simultaneously gives
A=2,u=1=A(3,0,2),B(1,-3,4) AlAIAIAI

OR
i 3 k
3 2 —2|=6i+9j+18k MIAl
-3 4 -1
N 2 N +3u -7
sOAB=p| 3| =1 22—4p+3 MIAl
6 —2X+p+9

3AIN+3u—2p=7
20 —4p—3p=-3
—2X+p—6p=-9

A=2pu=1p=1 AlAl



A(-3+6,-4+4,6—4)=(3,0,2) Al
B4 -3 —7+4,-3—-1)=(1, -3, —4) Al

[13 marks]
1 3 —2

b) AB=|-3|—-|0]=|-3 (Al)
—4 2 —6

|AB| = \/(—2)2 + (=32 +(—6)°=v49=7 MIAl

[3 marks]

(¢) from (b) 22 + 335 + 6k is normal to both lines

-3 2
Iy goes through (-3,4,6)= | —4 |- | 3 | =18 MIiAl
6 6

hence, the Cartesian equation of the plane through [; , butnot ly ,is 2z + 3y + 6z = 18 Al
[3 marks]

Total [19 marks]

Examiners report

There were a lot of arithmetic errors in the treatment of this question, even though it was apparent that many students did understand the methods
—
involved. In (a) many students failed to realise that AB should be a multiple of the cross product of the two direction vectors, rather than the cross

product itself, and many students failed to give the final answer as coordinates.

The angle between the vector @ =i — 2j + 3k and the vector b = 3i — 2j + mk is 30° .

Find the values of m.

Markscheme
a-b=|a||blcosf (MI)
1 3
a-b=|-2|-| -2]|=7+3m Al
3 m

la| =v14 |b| =VI3+m? Al
|a||b] cos 6 = v/14+/13 + m? cos 30°
7+3m =+/14y13+ m?cos30° Al
m=227,m=257 AlAl

[6 marks]



Examiners report

Many candidates gained the first 4 marks by obtaining the equation, in unsimplified form, satisfied by m but then made mistakes in simplifying

and solving this equation.

z—1

Find the angle between the lines —

l—-y=2zandz =y =3z.

Markscheme

consider a vector parallel to each line,

4 3
egu=| -2 ]|andv=| 3 AlAl
1 1

let  be the angle between the lines

[uxv| [12—6+1|

cosf = W = m MIAl
j— 7 j—
= Zrs = 0350... (D)

so 8 =69.5 <0r 1.21 rad or arccos( T _)) Al N4
V2119

Note: Allow FT from incorrect reasonable vectors.

[6 marks]

Examiners report

Most students knew how to find the angle between two vectors, although many could not find the correct two direction vectors.

Acurve is defined 22 — 5zy + y? = 7.

dy o 5y—2x
a. Show that - = Dyt [3]
b. Find the equation of the normal to the curve at the point (6, 1). [4]
c. Find the distance between the two points on the curve where each tangent is parallel to the line y = x. [8]

Markscheme

a. attempt at implicit differentiation M1

d d
2z — 5wd—z — 5y—|—2yd—fT =0 A1A1



Note: AT for differentiation of 22 — 5xy, A1 for differentiation of 4> and 7.

2z — 5y + L (2y —5z) = 0
dy S5y—2z

a = 2y—bx AG

[3 marks]

dy 5x1-2x6 1
b. dz — 2x1-5x6 4 A1

gradient of normal = —4 A1
equation of normaly = —4x +c¢ M1
substitution of (6, 1)

y=—4x+25 A1

Note: Accepty — 1= —4(z — 6)
[4 marks]
C. setting Zz:—gz =1 M1
y=-—x At
substituting into original equation M1
2>+ 52> +22 =7 (A1)
T2l =17
rz==x1 A1
points (1, —1)and (-1, 1) (A1)

distance = /8 (: 2\/5) (M1)A1

[8 marks]

Total [15 marks]

Examiners report

a. [N/A]
b [N/A]

o, [NA]

The diagram shows a cube OABCDEFG.



D
|
E |
|
1 -
| O
’E",//
|
10
__.-"' \
Al ---
x/

Let O be the origin, (OA) the x-axis, (OC) the y-axis and (OD) the z-axis.
Let M, N and P be the midpoints of [FG], [DG] and [CG], respectively.
The coordinates of F are (2, 2, 2).
— — —
(a) Find the position vectors OM, ON and OP in component form.
e I
(b) Find MP x MN.
(c) Hence,
(i) calculate the area of the triangle MNP;
(i1))  show that the line (AG) is perpendicular to the plane MNP;
(iii)  find the equation of the plane MNP.

(d) Determine the coordinates of the point where the line (AG) meets the plane MNP.

Markscheme
N 1\ _, 0 N 0
(@ OM=|2|,ON=|1]|andOP = | 2 AlA1Al
2 2 1
[3 marks]
N -1 . -1
b) MP=| 0 |andMN=| —1 AlAl
-1 0
i J k -1
— —
MPxMN=|-1 0 -1|=1]1 (MDAl
-1 -1 0 1
[4 marks]

(¢) (i) area of MNP = %

— —
MPXMN‘ Ml
-1

N =



V3
. [(2\ _, (O
(i) OA=|0],0G=]2
0
— -2
AG = 2 Al
2

since AG = 2(MP x MN) AG is perpendicular to MNP~ RI

-1 1 -1
@iy r-| 1 |=(2]-11 MiAl
-1
r- 1 =3 (accept —x +y+z2z=3) Al
1
[7 marks]
2 -2
@d r=10]+2| 2 Al
0 2
2— 2\ -1
2\ 11 =3 MIiAl
2
2422 4+22+22=3
5
2 -2
r=[o|+2f 2 Ml
0 2

. . 1 5 5
coordinates of point (5, 3 §> Al

[6 marks]
Total [20 marks]

Examiners report

This was the most successfully answered question in part B, with many candidates achieving full marks. There were a few candidates who
misread the question and treated the cube as a unit cube. The most common errors were either algebraic or arithmetic mistakes. A variety of

notation forms were seen but in general were used consistently. In a few cases, candidates failed to show all the work or set it properly.

OABCDE is a regular hexagon and a , b denote respectively the position vectors of A, B with respect to O.

a. Show that OC =2AB. 2]

b. Find the position vectors of C, D and E in terms of @ and b . [7]



Markscheme

A ®

1P
5

E D

OC = AB +0Acos60+BCcos60 Ml

=AB+ABx ; +ABx 3 Al

=2AB AG
[2 marks]
—  —

b. OC =2AB =2(b-a) MIiAl
— — =
OD=0C+CD MI
—  —
=0C+AO0 41
=2b-2a—a=2b-3a Al
— —

OE =BC M1
=2b-2a-b=b—-2a Al
[7 marks]

Examiners report

o INA
b, [N/A]

Two planes II; and Il have equations 2z + y + z = 1 and 3z 4+ y — 2z = 2 respectively.

a. Find the vector equation of L, the line of intersection of IT; and II5. [6]
b. Show that the plane II3 which is perpendicular to IT; and contains L, has equation z — 2z = 1. [4]
c. The point P has coordinates (=2, 4, 1), the point Q lies on II3 and PQ is perpendicular to II,. Find the coordinates of Q. [6]
Markscheme

a. (a) METHOD 1

solving simultaneously (gdc) (M1)
r=142z y=—-1—-5z AIAl



1 2
L:r=]-1]+X| -5 AIAIAl
0 1

Note: 15 A1 is for r =.

[6 marks]

METHOD 2
i J k

direction of line = |3 1 —1 | (last two rows swapped) M1
2 1 1

=2i—-5j+k Al

putting z = 0, a point on the line satisfies 2z +y =1, 3z +y = 2
ie (1,-1,0) Al

the equation of the line is

T 1 2
y|l=1-1]+Xx| -5 AlAl
z 0 1
x
Note: Award A0AI if | y | is missing.
z
[6 marks]
2 2
1] x| -5 M1
1 1
=6i— 12k Al
hence, n =i — 2k
1 1
n-a=| 0 |-|-1|=1 MIAI
—2 0

thereforer -n=a-n=x—-2z2=1 AG
[4 marks]
. METHOD 1

P:(_Z: 4’ l)a Q: (5177 Y, Z)

— T+2
PQ=|y—-4 Al
z—1

H.

PQ is perpendicular to 3z +y — z = 2

.).

= PQ isparallel to3i+j—k RI
>zx+2=3,y—4=t z2—1=—-t Al
l-z=t=>2+2=3-3z2=>2+32=1 Al
solving simultaneously z +3z=1; z — 2z =1 MI
52=0=2=0z=1,y=5 Al
hence, Q =(1, 5, 0)
|6 marks]

M1



METHOD 2

Line passing through PQ has equation
-2 3
r= 4 +t1 MIAl
1 -1
Meets 73 when:
—243t—-2(1—-t)=1 MIAI
t=1 Al
Q has coordinates (1, 5,0) Al
[6 marks]

Examiners report

a. Candidates generally attempted this question but with varying degrees of success. Although (a) was answered best of all the parts, quite a few
did not use correct notation to designate the vector equation of a line, i.e., ¥ =, or its equivalent. In (b) some candidates incorrectly assumed the
result and worked the question from there. In (c) some candidates did not understand the necessary relationships to make a meaningful attempt.

b. Candidates generally attempted this question but with varying degrees of success. Although (a) was answered best of all the parts, quite a few
did not use correct notation to designate the vector equation of a line, i.e., ¥ =, or its equivalent. In (b) some candidates incorrectly assumed the
result and worked the question from there. In (c) some candidates did not understand the necessary relationships to make a meaningful attempt.

c. Candidates generally attempted this question but with varying degrees of success. Although (a) was answered best of all the parts, quite a few
did not use correct notation to designate the vector equation of a line, i.e., ¥ =, or its equivalent. In (b) some candidates incorrectly assumed the

result and worked the question from there. In (c) some candidates did not understand the necessary relationships to make a meaningful attempt.

Consider the two planes

midr+2y—2=28
me x4+ 3y + 3z =3.

Find the angle between 71 and w2, giving your answer correct to the nearest degree.

Markscheme

4 1

n, = 2 and ny=| 3 (A1)(A1)
-1 3

use of cos @ = IZmZ\ (M1)

7 7
NGt (Z m) @nA1)

cosf =

Note: Award A1 for a correct numerator and A1 for a correct denominator.

0 =69° A1



Note: Award A7 for 111°.

[6 marks]

Examiners report

Reasonably well answered. A large number of candidates did not express their final answer correct to the nearest degree.

A ray of light coming from the point (—1, 3, 2) is travelling in the direction of vector | 1 | and meets the plane7: x4+ 3y+22z—-24=0.
-2

Find the angle that the ray of light makes with the plane.

Markscheme

1
The normal vector to the planeis | 3 | . (41)
2

EITHER

0 is the angle between the line and the normal to the plane.

4 1
o \=2)\2) 3 (3
cosf = ~ L2 = P (—7 \/6) (M1)A1AI

=6="79.9°(=1.3%4...) Al
The required angle is 10.1° (= 0.176) A1
OR

¢ is the angle between the line and the plane.

4 1
()0
—2/ \2) _ 3 (MD)AIAL

VIV VIVA
¢=10.1°(=0.176) A2
[6 marks]

sin ¢ =

Examiners report

On the whole this question was well answered. Some candidates failed to find the complementary angle when using the formula with cosine.

The vectors @ and b are such that a = (3 cos@ + 6)i +7jand b = (cos 0 — 2)i +(1 + sin 9)j.

Given that @ and b are perpendicular,



a. show that 3sin%0 — 7sinf + 2 = 0; [3]

b. find the smallest possible positive value of 6. [3]

Markscheme

a. attempting to form (3 cos@ + 6)(cos§ —2) + 7(1 +sinf) =0 MI
3cos’0 — 12+ Tsinf+7=0 Al
3(1- sin29) +7sinf-5=0 M1
3sin’0 — 7sinf +2=0 AG

[3 marks]
b. attempting to solve algebraically (including substitution) or graphically for siné (M1)
sinf =3 (4D
0=10.340 (= 19.5°) Al
[3 marks]

Examiners report

a. Part (a) was very well done. Most candidates were able to use the scalar product and cos28 = 1 — sin?f to show the required result.
b. Part (b) was reasonably well done. A few candidates confused ‘smallest possible positive value” with a minimum function value. Some

candidates gave 8 = 0.34 as their final answer.

Given that @ = 2sin 6% + (1 — sin ) 7, find the value of the acute angle 8, so that a is perpendicular to the line z + y = 1.

Markscheme

( 2sind )( 1):() M
1—sin6 -1

2sinf —1+sinf=0 Al

oy . 1 .
direction vector for line = ( 1 ) or any multiple A1

Note: Allow FT on candidate’s direction vector just for line above only.

3sinf =1

sinf = ¢ Al

0 =0.3400r19.5 Al

Note: A coordinate geometry method using perpendicular gradients is acceptable.

[5 marks]

Examiners report



A variety of approaches were seen, either using a scalar product of vectors, or based on the rule for perpendicular gradients of lines. The main

problem encountered in the first approach was in the choice of the correct vector direction for the line.

=5 -1
Aline Ly has equationr=| -3 | + A | 2
2 2

A line Ly passing through the origin intersects L; and is perpendicular to L;.
(a) Find a vector equation of L.

(b) Determine the shortest distance from the origin to L;.

Markscheme

(a) METHOD 1

e —-5—A
forPonL;, OP = | —3+2X\
242X
—-5—-A -1
require | —3+2\ | o 2 =0 Ml
2+ 2\ 2
5+A—6+4X+4+44X =0 (or equivalent) Al
=1 Al
-3
14
3
-3 11
-.OP = -3 Al
4
3
—14
Ly:r=p| —11 Al
4

Note: Do not award the final A1 if » = is not seen.

[5 marks]
METHOD 2

— — 2
Calculating either [OP | or |[OP| eg

—
‘OP’ = \/(—5 “ N2+ (=327 + (2420 Al
= V9A? + 6 + 38

. . d - d —2
Solving either 5 ’OP‘ =0or g ‘OP =0for\. MI

1

14
H _?
OP = | —3 | Al

4

3

—14
Ly:r=p| -11 Al
4

Note: Do not award the final A1 if » = is not seen.



[5 marks]

(b) METHOD 1
OF| = (3) + (-3) < (3) o
—6.08 (=v37) a1

METHOD 2

shortest distance =

[10i+85+13K
T JI¥iFE
— 6.08 (z \/ﬁ) Al

[2 marks|

Total [7 marks]

Examiners report

Part (a) was not well done. Most candidates recognised the need to calculate a scalar product. Some candidates made careless sign or arithmetic

errors when solving for A. A few candidates neglected to express their final answer in the form ‘r =,

Candidates who were successful in answering part (a) generally answered part (b) correctly. The large majority of successful candidates calculated
—
op|.

Port A is defined to be the origin of a set of coordinate axes and port B is located at the point (70, 30), where distances are measured in kilometres.

A ship S sails from port A at 10:00 in a straight line such that its position ¢ hours after 10:00 is given by r = ¢ ( ;8 ) .

A speedboat S, is capable of three times the speed of S} and is to meet S; by travelling the shortest possible distance. What is the latest time that

S, can leave port B?

Markscheme

METHOD 1
equation of journey of ship S,
— (10)
20
equation of journey of speedboat S, ,setting off k minutes later
Ty = (70) +(t—k) <_60) MIAIAL
30 30

Note: Award M1 for perpendicular direction, A1 for speed, A1 for change in parameter (e.g. by using ¢t — k or 7', k being the time difference
between the departure of the ships).



10
20

70
30

—60

() (3) 00 (32)

Note: M mark is for equating their two expressions.

10t = 70 — 60t + 60k

20t = 30 4 30t — 30k M1

Note: M mark is for obtaining two equations involving two different parameters.
Tt—6k="17

—t+3k=3
28
k=3 Al

latest time 1s 11:52 A1

[7 marks]
METHOD 2
,— !.'1-. Ea o r LT
f ai ) l: !x L |.: n- ! aip“i }‘ “.:'%1
, o i e ;
i v, Ty Lo i e B
é " T !r'__f_; - E
!.
*; 11 57 S
] K-S - O e
! P (0
il ;Q{%f-,?'.. -
| % -
; p i
: x
LY i .
)

SB =22v5 MIAI
(by perpendicular distance)

SA =265 MIAI
(by Pythagoras or coordinates)
265
C10VB
225
t—k= PV Al
k= f—g leading to latest time 11:52 A1
[7 marks]

Examiners report



Few candidates managed to make progress on this question. Many candidates did not attempt the problem and many that did make an attempt
failed to draw a diagram that would have allowed them to make further progress. There were a variety of possible solution techniques but
candidates seemed unable to interpret the equation of a straight line written in vector form or find a perpendicular direction. This meant that it was

very difficult for meaningful progress to be made towards a solution.

The coordinates of points A, B and C are given as (5, —2, 5), (5, 4, —1) and (—1, —2, —1) respectively.

a. Show that AB = AC and that BAC = 60°. [4]
b. Find the Cartesian equation of II, the plane passing through A, B, and C. [4]
c(i)(ijt)  Find the Cartesian equation of II; , the plane perpendicular to (AB) passing through the midpoint of [AB] . [4]

(i)  Find the Cartesian equation of II>, the plane perpendicular to (AC) passing through the midpoint of [AC].

d. Find the vector equation of L , the line of intersection of II; and II2, and show that it is perpendicular to II . [3]

e. A methane molecule consists of a carbon atom with four hydrogen atoms symmetrically placed around it in three dimensions. [3]

J

The positions of the centres of three of the hydrogen atoms are A, B and C as given. The position of the centre of the fourth hydrogen atom
is D.

Using the fact that AB = AD , show that the coordinates of one of the possible positions of the fourth hydrogen atom is (—1, 4, 5) .

f. A methane molecule consists of a carbon atom with four hydrogen atoms symmetrically placed around it in three dimensions. [6]

The positions of the centres of three of the hydrogen atoms are A, B and C as given. The position of the centre of the fourth hydrogen atom

i1s D.

Letting D be (—1, 4, 5) , show that the coordinates of G, the position of the centre of the carbon atom, are (2, 1, 2) . Hence calculate DGA
, the bonding angle of carbon.

Markscheme

0
a. —
AB = 6 = AB =72 Al
—6



-6
—
C=| 0 | =AC=v72 Al

—6

so they are the same AG

&l

cosf=—35___ — 6=60° AIAG

B.AC — 36 = (\/7_2) (\/ﬁ) cos@ (MI)
(mm) 7

Note: Award M1A1 if candidates find BC and claim that triangle ABC is equilateral.

[4 marks]
b. METHOD 1
i § k
— —
ABxAC=|0 6 —6|=_36i+36j+36k (MDAI
-6 0 —6

equation of planeisz —y—z=%k (MI)
goes through A, BorC=z —y—2=2 Al
[4 marks]

METHOD 2

z + by + cz = d (or similar) M1

5—2b+5c=d
5+4b—c=d Al
—1—-2b—c=d

solving simultaneously M1
b=—-1,c=-1,d=2
sox—y—z=2 Al
[4 marks]
c()@@ midpointis (5, 1, 2), so equation of II; isy — 2 = —1 AIAl

(i) midpointis (2, —2, 2), so equation of Iy isz +2z=4 AIlAl
Note: In each part, award A1 for midpoint and A1 for the equation of the plane.

[4 marks]
d. EITHER
solving the two equations above M1
4 -1
L:r=|-1]+A]| 1 Al
0 1
OR
L has the direction of the vector product of the normal vectors to the planes IT; and T, (M1)
i j k
01 -1|=2—j—k
1 0 1
(or its opposite) Al
THEN
-1
directionis | 1 |]asrequired RI
1

[3 marks]



e. Disofthe form (4 — A, =1+ X, \) MI

(L+X2+(-1=A2+(-N2=72 MI

3\2 —6)A—45=0

A=borA=-3 Al

D(-1,4,5) AG

Note: Award MOMOAQO if candidates just show that D(—1, 4, 5) satisfies AB = AD;
Award MIM1A0 if candidates also show that D is of the form (4 — A, =1+ A, A)

[3 marks]
f. EITHER

Gisofthe form (4 — A, =1+ A, A\) and DG = AG,BG or CG M1
e (T+A2+ (1= A2+ (B-A)2=6-A)2+6-N2+(B-N2 Ml
(L+2)? = (5— A)?

A=2 Al
G(2,1,2) AG
OR

G is the centre of mass (barycentre) of the regular tetrahedron ABCD  (M1)
G <5+5+(—41)+(—1), —2+4+4(—2)+4, 5+(—1):(—1)+5> MiAl

THEN
Note: the following part is independent of previous work and candidates may use AG to answer it (here it is possible to award
MOMOAOAIMIAL)

N -3 . 3
GD = 3 andGA=| -3 Al
3 3
-9 1 .
cos= ———— = —2 = 6 =109° (or 1.91 radians) MIAI
(3\/5) (3 3) 3 ( )

[6 marks]

Examiners report

a. Parts (a) and (b) were well attempted with many candidates achieving full or nearly full marks in these parts. Surprisingly, many candidates
were not able to find the coordinates of the midpoints in part (c) leading to incorrect equations of the planes and, in many cases this affected the
performance in part (d). Very few answered part (d) correctly. In parts (e) and (f) very few candidates made good attempts of using the ‘show
that” procedure and used a parametric approach. In most attempts, candidates simply verified the condition using the answer given. In a few
cases, candidates noticed that G is the barycentre of [ABCD] and found its coordinates successfully. Some candidates were also successful in
determining the bounding angle using the information given. Unfortunately, many candidates instead of finding the angle simply quoted the
result.

b. Parts (a) and (b) were well attempted with many candidates achieving full or nearly full marks in these parts. Surprisingly, many candidates
were not able to find the coordinates of the midpoints in part (c) leading to incorrect equations of the planes and, in many cases this affected the
performance in part (d). Very few answered part (d) correctly. In parts (e) and (f) very few candidates made good attempts of using the ‘show
that’ procedure and used a parametric approach. In most attempts, candidates simply verified the condition using the answer given. In a few
cases, candidates noticed that G is the barycentre of [ABCD] and found its coordinates successfully. Some candidates were also successful in
determining the bounding angle using the information given. Unfortunately, many candidates instead of finding the angle simply quoted the

result.



c(i)@arts (a) and (b) were well attempted with many candidates achieving full or nearly full marks in these parts. Surprisingly, many candidates
were not able to find the coordinates of the midpoints in part (c) leading to incorrect equations of the planes and, in many cases this affected the
performance in part (d). Very few answered part (d) correctly. In parts (e) and (f) very few candidates made good attempts of using the ‘show
that’ procedure and used a parametric approach. In most attempts, candidates simply verified the condition using the answer given. In a few
cases, candidates noticed that G is the barycentre of [ABCD] and found its coordinates successfully. Some candidates were also successful in
determining the bounding angle using the information given. Unfortunately, many candidates instead of finding the angle simply quoted the
result.

d. Parts (a) and (b) were well attempted with many candidates achieving full or nearly full marks in these parts. Surprisingly, many candidates
were not able to find the coordinates of the midpoints in part (c) leading to incorrect equations of the planes and, in many cases this affected the
performance in part (d). Very few answered part (d) correctly. In parts (e) and (f) very few candidates made good attempts of using the ‘show
that’ procedure and used a parametric approach. In most attempts, candidates simply verified the condition using the answer given. In a few
cases, candidates noticed that G is the barycentre of [ABCD] and found its coordinates successfully. Some candidates were also successful in
determining the bounding angle using the information given. Unfortunately, many candidates instead of finding the angle simply quoted the
result.

e. Parts (a) and (b) were well attempted with many candidates achieving full or nearly full marks in these parts. Surprisingly, many candidates
were not able to find the coordinates of the midpoints in part (c) leading to incorrect equations of the planes and, in many cases this affected the
performance in part (d). Very few answered part (d) correctly. In parts (e) and (f) very few candidates made good attempts of using the ‘show
that” procedure and used a parametric approach. In most attempts, candidates simply verified the condition using the answer given. In a few
cases, candidates noticed that G is the barycentre of [ABCD] and found its coordinates successfully. Some candidates were also successful in
determining the bounding angle using the information given. Unfortunately, many candidates instead of finding the angle simply quoted the
result.

f. Parts (a) and (b) were well attempted with many candidates achieving full or nearly full marks in these parts. Surprisingly, many candidates
were not able to find the coordinates of the midpoints in part (c) leading to incorrect equations of the planes and, in many cases this affected the
performance in part (d). Very few answered part (d) correctly. In parts (e) and (f) very few candidates made good attempts of using the ‘show
that’ procedure and used a parametric approach. In most attempts, candidates simply verified the condition using the answer given. In a few
cases, candidates noticed that G is the barycentre of [ABCD] and found its coordinates successfully. Some candidates were also successful in
determining the bounding angle using the information given. Unfortunately, many candidates instead of finding the angle simply quoted the

result.

The equations of the lines L; and Ly are

1 -1
L117'1: 2 +)\ 1



a. Show that the lines L; and L, are skew.

b. Find the acute angle between the lines L; and L.

c. () Find a vector perpendicular to both lines.

(i) Hence determine an equation of the line L3 that is perpendicular to both L and Ly and intersects both lines.

Markscheme
a -1 2
' L and L» are not parallel, since | 1 #k|1
2 6

if they meet,thenl — A =1+2pand2+A=2+pu M1

solving simultaneously == A= =0 A1
2+ 2)\ =4+ 6u = 2 # 4 contradiction, R1

so lines are skew AG

Note: Do not award the second R1 if their values of parameters are incorrect.

[4 marks]
b -1 2
|1 Jel|1](=11)=+6V4icosd M1A1
_nu
cosf = o (A1)
0 =455 (0.794 radians) A1
[4 marks]
c -1 2 6—2
(i) 1 x|11]= 446 (M1)
2 6 -1-2
4
=\| 10 | =4i+10j—3k A1
-3
(i) METHOD 1

let P be the intersection of L1 and L3
let Q be the intersection of Lo and L3

I-XA)\ 1+2u

OP=1| 2+X |OQ=| 2+pu m1
242 4+6u
20+ A

— = —
therefore PQ = OQ — OP = w—A

24 6p—2A

(4]

[4]

(10]



2u+ A 4

©w—A =t| 10 M1
24 6p —2A -3
2u+A—4t=0
p—A—10t=0

6 — 22+ 3t = -2

solving simultaneously  (M1)

32 28
A= (0.256), p= -2 (-0.224) Af

Note: Award A1 for either correct A or p.

EITHER
93
. 1-A 125 0.744
therefore OP = | 2+ )\ | = % = | 2.256 | A1
242\ 314 2.512
%5
0.744 4
therefore Lg : r3 = | 2.256 | +a | 10 A1
2.512 -3
OR
69
1+2p 125 0.552
222
thereforeOQ = | 2+p | =| 5 | = | 1.776 At
44 6p 332 2.656
125
0.552 4
therefore Ly : r3 = | 1.776 | +a | 10 Al
2.656 -3

Note: Allow position vector(s) to be expressed in decimal or fractional form.

METHOD 2
a 4
L3 LT3 = b + t 10
c -3

forming two equations as intersections with L; and Lo

a 4 1 -1

b+t 10 =(2]+X] 1

c -3 2

a 4 1

b+t 10| =(2]+p]1 M1A1A1
c -3 4

Note: Only award M1A1A1 if two different parameters ¢, t2 used.

attempting to solve simultaneously M1

32 28
A= (0.256), u = - (—0.224) A1



Note: Award A1 for either correct A or p.

EITHER
a 0.552
b|l=11776 A1
c 2.656
0.552 4
therefore Ly : 73 = | 1.776 | +t | 10 A1A1
2.656 -3
OR
a 0.744
b | =1 2256 Al
c 2.512
0.744 4
therefore L3 : r3 = | 2.256 | +t | 10 A1A1
2.512 -3

Note: Allow position vector(s) to be expressed in decimal or fractional form.
10 marks

Total [18 marks]

Examiners report

a0 INVA]
b, IN/A]

c. [N/A]

Find the acute angle between the planes with equations ¢ +y + z = 3 and 2x — 2z = 2.

Markscheme
2
n=1|1]andny = 0 (A1)(A1)
-1
EITHER

E
3
&

_ 2+0-1 _240-1
= arccos( \/g\/g) <c050 = \/g\/g) (A1)
= arccos(L) (0050 = L)
o V15 V1B
OR
. |y Xmg| i . [y Xna|
0= arc&n(W) <sm0 = m) (M1)

_ . V14 . p_ VI
_arcsm<m> (s1n9_ \/g\/§> (A1)

= arcsin(%) (sinﬂ = %)




THEN
= 75.0° (or 1.31) A1

[5 marks]

Examiners report

[N/A]

The planes 2z + 3y — z = 5 and ¢ — y + 2z = k intersect in the line 5z +1 =9 — by = —5z..
Find the value of k.

Markscheme

71;5)‘ , Y= @ z= Aorsimilar MIAI

point on line is ¢ =

Note: Accept use of point on the line or elimination of one of the variables using the equations of the planes

L S Lo =k  MIAl

Note: Award M1A1 if coordinates of point and equation of a plane is used to obtain linear equation in & or equations of the line are used in
combination with equation obtained by elimination to get linear equation in £.

k=-2 Al
[5 marks]

Examiners report

Many different attempts were seen, sometimes with success. Unfortunately many candidates wasted time with aimless substitutions showing little

understanding of the problem.

(a)  Write the vector equations of the following lines in parametric form.

3 2
rm=121+m]| -1
7 2
1 4
ro=14]|+n| -1
2 1

(b) Hence show that these two lines intersect and find the point of intersection, A.

(¢) Find the Cartesian equation of the plane J] that contains these two lines.



-8 3
(d) Let B be the point of intersection of the plane [] and the liner = | —3 | + A [ 8
0 2

Find the coordinates of B.

(e) If C is the mid-point of AB, find the vector equation of the line perpendicular to the plane [ and passing through C.

Markscheme
(a) z=3+2m
y=2-m

z=T+4+2m Al
r=1+4n

y=4—n

z=24+n Al

[2 marks|

(b) 3+2m=1+4n=2m —4n = -2 (i)
2-m=4-n=>m-n=-2(ii) Ml
T+2m=2+n=2m—n= -5 (iii)

(iil) — (ii) =>m=-3 Al

=>n=-1 Al

Substitute in (i), -6 + 4 = -2 . Hence lines intersect. R1
Point of intersection A is (-3, 5,1) A1

[5 marks]
i j k 1
() |2 -1 2|=16 MIAl
4 -1 1 2
1 3 1
r-le]l=12 6) (M1)
2 2
1
r-| 6] =29
2

x+6y+2z=29 Al
Note: Award M1A0 if answer is not in Cartesian form.

[4 marks]

(d z=-8+3X

y=-3+8\x (M)

z =2\

Substitute in equation of plane.
—8+3A—-18+48\+4X=29 MI
55\ = 55

A=1 Al

Coordinates of B are (-5, 5,2) Al

[4 marks]

(e) Coordinates of C are (—4, 5, %) (Al)



—4 1
+ul 6| Mial

e Ot

x
Note: Award M1A40 unless candidate writes r =or | y
z

[3 marks]
Total [18 marks]

Examiners report

Most candidates found this question to their liking and many correct solutions were seen. In (b), some candidates solved two equations for m and
n but then failed to show that these values satisfied the third equation. In (e), some candidates used an incorrect formula to determine the

coordinates of the mid-point of AB .

A plane 7 has vector equation r = (—=2i + 3j — 2k) + A(2i + 3j + 2k) + pu(6i — 3j + 2k).

(a)  Show that the Cartesian equation of the plane 7 is 3x + 2y — 6z = 12.

(b) The plane 7 meets the x, y and z axes at A, B and C respectively. Find the coordinates of A, B and C.
(¢) Find the volume of the pyramid OABC.

(d) Find the angle between the plane 7 and the x-axis.

(e) Hence, or otherwise, find the distance from the origin to the plane 7.

(f) Using your answers from (c) and (e), find the area of the triangle ABC.

Markscheme

(a) EITHER

normal to plane given by
i j k
2 3 2| MiAl
6 -3 2

=12i+8j—24k Al

equationof ris 3z +2y —6z=d (MI)
as goes through (-2, 3, -2)sod =12 MIAl
m:3x+2y—62=12 AG

OR

x=—-24+2\+6p

y=3+3A—-3u

z2=—=2+2\+2p

eliminating p

x+2y=4+8\

2y +3z=12\ MIAIAl



eliminating A

3(z+2y) —2(2y+32) =12 MIAIAl
m:3x+2y—62=12 AG

[6 marks]

(b) therefore A(4, 0, 0), B(0, 6, 0) and C(0, 0,2) AIAIAI

Note: Award 41A41A40 if position vectors given instead of coordinates.
[3 marks]

(c) areaofbase OAB = % x4x6=12 Ml
V=gx12x2=8 MIAl
[3 marks]

3 1
(d) 2)' 0] =3=7x1xcos¢p MIAI
—6 0

3

7

¢ = arccos
s0 8 = 90 — arccos % = 25.4° (accept 0.443 radians) MI1AI

[4 marks]

() d=4sinf=32 (=1.71) (MDAI
[2 marks]

® SZ%X%xarea:area:M MIiAl

Note: If answer to part (f) is found in an earlier part, award M1A1, regardless of the fact that it has not come from their answers to part (c) and

part (e).

[2 marks|
Total [20 marks]

Examiners report

The question was generally well answered, although there were many students who failed to recognise that the volume was most logically found

using a base as one of the coordinate planes.

The function f'is defined on the domain [0, 2] by f(z) = In(z + 1) sin(7z) .



. Obtain an expression for f'(z) .

. Sketch the graphs of fand f’ on the same axes, showing clearly all x-intercepts.
. Find the x-coordinates of the two points of inflexion on the graph of /.
. Find the equation of the normal to the graph of f where x = 0.75 , giving your answer in the form y =mx + ¢ .

. Consider the points A (a, f(a)),B (b, f(b)) and C(c, f(c)) wherea, b and ¢ (a < b < ¢) are the solutions of the equation

f(z) = f'(z) . Find the area of the triangle ABC.

Markscheme

a. f'(z) = ——sin(nz) + wln(x + 1) cos(nz) MIAIAI

z+1

[3 marks]

va

Note: Award A1A41 for graphs, A1A1 for intercepts.

[4 marks]
. 0.310,1.12 A1A41

[2 marks]
. £'(0.75) = —0.839092 A1

so equation of normal is y — 0.39570812 = —0.83;092 (

y= 119z — 0.498 Al
[3 marks]

. A(0, 0)

c d

—— —
B(0.548...,0.432..)) Al
e f

———
C(1.44...,-0.881...) Al

z — 0.75)

Ml

A4

(3]
(4]
2]
(3]

(6]



Note: Accept coordinates for B and C rounded to 3 significant figures.

area AABC = 2 |(ci +dj) x (ei + fj)| MIAI
1

= ;(de —cf) Al

=0.554 A1

[6 marks]

Examiners report

IN/A]
" IN/A]
" IN/A]
" IN/A]
INA]

a

® O O T

The position vector at time ¢ of a point P is given by
, , .
OP=(1+t)i+(2—-2t)j+Bt—1)k, t > 0.

(a) Find the coordinates of P whent = 0.

(b)  Show that P moves along the line L with Cartesian equations

1 y—2 z+1
xr — = — =
-2 3

(c) (i) Find the value of t when P lies on the plane with equation 22 +y+ 2 =06 .
(i)  State the coordinates of P at this time.

(iii)  Hence find the total distance travelled by P before it meets the plane.

The position vector at time ¢ of another point, Q, is given by
2
H t
oQ=|1-¢t |,t>o.
11—
(d) (i) Find the value of t for which the distance from Q to the origin is minimum.
(i1))  Find the coordinates of Q at this time.
(e) Leta,band c be the position vectors of Q at times t = 0, ¢ = 1 and ¢ = 2 respectively.
(i) Show that the equation @ — b = k (b — ¢) has no solution for k .

(il) Hence show that the path of Q is not a straight line.

Markscheme
(a) @:Hzg‘—k M1)

the coordinates of P are (1, 2,-1) Al



[2 marks]

(b) EITHER
c=14+t,y=2—-2t,z=3t—1 Ml

z+1

y—2
m—lzt,j:t,T:t Al

z-1="7=21 46 No

OR
T 1 1
y | = 2 +t] —2 MIiAl
z -1 3

p—1=L2-20 4¢

[2 marks]

© @ 201+t)+2-20)+Bt—1)=6=t=1 MIAI NI
(il) coordinates are (2,0,2) Al
Note: Award A0 for position vector.

(iii)  distance travelled is the distance between the two points  (M1)

\/(2 — 124+ (0-2°+ (241> =14 (=3.74) (MDAl

[6 marks]

(d) (i) distance from Q to the origin is given by

d(t) = \/t4 +(1- 15)2 +(1- 752)2 (or equivalent) MIAI

e.g. for labelled sketch of graph of d or d>  (M1)(Al)

1y

y=d(e)

or

5: 0"-1'[5]

7
.76l t

the minimum value is obtained fort = 0.761 41 N3
(i1)  the coordinates are (0.579, 0.239, 0.421) Al
Note: Accept answers given as a position vector.

[6 marks]

0.7¢l

N



1 4

e () a=|1],b=]0])ande=| -1 MDAI
0 -3
substituting in the equationa — b = k(b — ¢) , we have  (M1)
0 1 1 4 -1 -3
1]1-(0) =k 0]-1-1 & 1 =kl 1 Al
1 0 0 -3 1

=k=1andk = % which is impossible

so there is no solution for k  R1

—
(i)) BAand CBare not parallel R2
(hence A, B, and C cannot be collinear)
Note: Only accept answers that follow from part (i).

[7 marks]

Total [23 marks]

Examiners report

Generally this question was answered well by those students who attempted it. It was common to see confusion between coordinates and position
vectors. Part (d) was most easily answered with the use of a GDC, but fewer candidates took advantage of this. In part (¢) many students had

difficulties expressing their reasoning well to obtain the marks.



